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Recap - Topics we discussed so far

" Propositional Logic
= Syntax and Semantics

= SAT Solving (DPLL)

= (Efficiently) solve huge formulas

= BDDs

= Data structure to efficiently store and manipulate formulas



Recap - Topics we discussed so far

" Propositional Logic
= Syntax and Semantics

= SAT Solving (DPLL)

= (Efficiently) solve huge formulas

= BDDs

= Data structure to efficiently store and manipulate formulas

" Today: Proofs

" Prove that arguments in prop. logic are valid



Motivation — Natural Deduction

= Example: Prove that the argumentation is valid

1.

s

If the plane arrives late and there are no taxis at the airport,
then Alice is late for her appointment.

Alice is not late for her appointment.

The plane did arrive late.

Therefore, there were taxis at the airport.




Motivation — Natural Deduction

Knowledge that we have.
Facts that we know are true

-> Premises

= Example: Prove that the argumentation is valid
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Motivation — Natural Deduction

Knowledge that we have.
Facts that we know are true

-> Premises

= Example: Prove that the argumentation is valid

‘1. If the plane arrives late and there are no taxis at the airport, /
then Alice is late for her appointment.
2. Aliceis not late for her appointment.
9. The plane did arrive late. J
4. Therefore, there were taxis at the airport. ]

Deduce new knowledge
from the sentences 1,2, and 3.

- Conclusion




Motivation — Natural Deduction

Example: Prove that the argumentation is valid

1. If the plane arrives late and there are no taxis at the airport, 1. (pA—t) -1
then Alice is late for her appointment.

2. Aliceis not late for her appointment. 2 =l

3. The plane did arrive late. 3 p

4. Therefore, there were taxis at the airport. 4 t

p... the plane arrives late
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[... Alice is late for the appointment




Motivation — Natural Deduction

= Example: Prove that the argumentation is valid

2.
3. The plane did arrive late. /

/1. If the plane arrives late and there are no taxis at the airport, |( . (p A—t) - [ )
then Alice is late for her appointment.
Alice is not late for her appointment.

=

w N

T

4. Therefore, there were taxis at the airport.

p the p|ane arrives late ooy DDDY

t ... there are taxis at the airport How can we prove that?
[... Alice is late for the appointment = Natural Deduction (TODAY ©)




Natural Deduction

= Defines set of proof rules
= Syntactic rewriting rules
= Apply these rules in succession to infer conclusion from premises

https://xkcd.com/1724/



Natural Deduction

= Defines Set of Proof Rules

= Create “watertight” proofs
= No “Dark-Magic” Proofs

" Proofs can be checked and generated automatically
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SOME FUNCTION Flab,c..) LHICH
PRODUCES THE CORRELT ANSLIER-
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Natural Deduction

o

(‘n‘.” : Michael Huth and Mark Ryan
= Defines Set of Proof Rules \ &
= Create “watertight” proofs s«onmmon(f:gdeg”f:g In Compiitey Wftfif"ce

= Literature:
= [ogicin Computer Science:
Modelling and Reasoning about Systems
2nd (Second) edition.
From M. Huth and M. Ryan
= Section 1.2 Natural Deduction

https://xkcd.com/1724/



Outline

Deduction Rules

= Proof rules

Propositional Logic

Introduction Elimination

= Valid argument A v A,
= Prove validity via natural deduction 7 | g s
" |Invalid argument (flawed) - o soe
= Prove invalidity via counter example
= Soundness and Completeness = e

Derived Rules
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> AR b L




Learning Outcomes

After this lecture...
1. students can explain the proof rules of ND for prop. logic.
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After this lecture...
1.

2.
3.
4

Learning Outcomes

students can explain the proof rules of ND for prop. logic.
students can construct ND proofs for valid sequents.

students can construct counterexamples for invalid sequents.
students can explain (a) what it means that ND for prop. logic is
sound and complete and (b) can explain the consequences of it’s
soundness and completeness.
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Rules for Conjunction

Premises

7\
@ Y
O AY

N

Conclusion

= AND-Introduction Rule

Al




Rules for Conjunction

| @ Y ,
= AND-Introduction Rule N1
O AY
= AND-Elimination Rules
Qo AY O AY
AN
7, Y
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Example:p,q, v Fp Ag AT -

AP

Al

1. p premise
2 q premise
3. 1T premise
4 v N\q ANL1,2
:\|/:@JED 5 pAqAT Al 4,3
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Example:p Ag, v - q AT

1. pAq premise
2. T premise
3. q Ney 1

. 4 qAT Al 3,2

Al




ﬂ@Example: (pbAGQ)AT,SAtFQgAS
' PP EEERERRR AR

% ® Y

: Al
1. (pbAg) AT premise 0 A
2. SNt premise
3 ¢ NP

A eq

4. ¢
5.
6. gAs



Example:(0wAgQ) AT, sSAtFQAS
AR R R AR

- P Y A
1. (pNg) AT premise oA
2 SNt premise
N
3. pAQ Aeql oA Ae
4. q /\ez 3 ¢
5. s Neq2
6. gAs Al 4,5
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Rules for Double Negation

Elimination

11

Introduction
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Example: pAg,—g AT = =a=p A—a—r

—|—|p /\ —/ /T

prem.

prem.
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prem.
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Nel 1
Ne2 2
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Example: pAg,—g AT = =a=p A—a—r
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Rules for Implication - Elimination

Elimination Derived Elimination Rule -
Modus Ponens Modus Tollens
® Q- o>y Y
—e MT

Y —Q
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Example:p,p > g,p > (q—>71) + r
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p—q
p— (g —r)
q—7T

prem.
prem.
prem.
—e 1.3
—e 1,2
—e 4.5

Example:p,p > g,p > (q—>71) + r

TR R R R AR R
¢ @Y
()
o>y Y
-

e

MT



2

7

Example: =p = (q = r), =p, 7 F g

A
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p— (¢q—r) prem. T
—p prem. P

-7 prem.
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Example: =p = (q = r), =p, 7 F g
ERELELLUL DAL LAY

¢ oY
>e
P
1 p— (¢q—r) prem. T
2. —p prem. e
3. prem.
:\ | /:@JPJ 4 q— T —e 1:,2
¥ 5. g MT 4,3



Rules for Implication

Box: Scope of assumption @

Introduction
Temporary
assumption ¢ /

@ assum.

(2

) SRR R R
—I Hint
= |f conclusion is of

the form ¢ — Y,
apply — i immediately




g Example:p > q,q >rF+ p—or

% R
o QY b
1. p—q prem. (7
2. g — 1T prem.
3. @ assum.
n
D. v
6. p—r Q> Y .



Example:p - g,g 27+ p—-7r

LD TR

o 9oy
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1 p— q premn. Y
2 q— 7T prem.
3. D ass. o eslin
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g Example:p = (qAT),(@=>s)Fp = (SAT)
% LT

L. p— (gAr) prem.
2 ¢ @Y
. q—S prem. -

3. Y

4.

0. @ assum.

6. (]

7. Y

8. y
> |

9. p—(sAT) ¢ Y



= Example:p - (g AT),(q =>s)Fp = (SAT)

LD TR

L. p— (gAr) prem.
o ¢ @Y
: q— S prem. o
3. j, ass. Y
4. qAT —e 1,3
D. q Ael 4 @ assum.
0. S —e 2,5
| ~ b
28 \ 8. SAT A1 6,7 S
0.  p—o(sAT) —i38 Y



Rules for Disjunction
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Introduction
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Rules for Disjunction

We do not know
which of @ and ¢ is true

N

L VY
Elimination

Ve



We do not know

which of @ and ¢ is true

Elimination

Rules for Disjunction

Proof 1:

Proofs X from ¢

\

Proof 2:

Proofs X from ¢

/

N

VY

X

@ assum.

1 assum.

X

Ve

/7

No matter whether we assume ¢ or 1, we can prove X




Rules for Disjunction

Introduction

Elimination

% %
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vy 4 PV &
¢ assum. Y assum.
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Example:(pAgq)V(pAT)F gqVT

peuunnuUUUHUUEEUYYEDDDY

@ assum.

X

1 assum.

X

Ve



Example:(pAgq)V(pAT)F gqVT

1. (pAq)V (pAr) premise

2. pAq assumption

3. q Ney 2

4, qVr Vi3

5. pAT assumption

6. | 7 ANey 5

7. qVvr Vi, 6

8. qVr vel 2—-—45-7

2

peuunnuUUUHUUEEUYYEDDDY
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X

1 assum.

X
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%@Example:q -»1r+-(pVvqg) = (pVr)

TR R TERY
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@ assum.
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QY

@ assum.

pVYy | X

1 assum.
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Example:g »r+~ (pVvq)—> (pVr)

q—r prem.

pVq ass.

D ass.

pVvr Vi3

q ass.

r —e 5.1

p\Vr V1 6

PV T Ve 2,3-4,5-7
:\I/:@J pVqg—(pVr) —i2-8
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Rules for Negation
—(Not) Elimination

‘% L
1

/

Contradiction

—e
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Rules for Negation

—(Not) Elimination 1(bottom) - Elimination

@ P 1
—e le

N\

A contradiction can prove anything.
Semantic Intuition:
° ptFq ..wheneverpistrue,

q must be true

* pA=p Fq ..p A-—pisnevertrue,
no requirements on q



- Rules for Negation

—(Not) Elimination 1L(bottom) - Elimination

1

P %
—e le
1 P
IF YOU ASSUME. CONTRADICTORY HEY, YOURE RIGHT! MRS. LENHART?
PXIOMS, You CAN DERIVE ISTARTEDWITH PATRP | | \JAIT THIS /5 HER
ANYTHING. ITS CALLED THE AND DERIVED YOUR NUMBER! HOW-
F’RlNCiPLE OF EXPLOSION. MOM'S PHONE NUMBER! HI, IM AFRIEND OF = WHY, . 4o
HNFWIW? THATS NOT HOU YES, T AM FEEE tonet | A contradiction
THAT LIORKS. can prove anything!
ﬁﬂx‘?f NG B[:a(urmi-: P y &

SR
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Example: =pVgkp—g
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pVqgEp—-Qq

1 premise

9 —p assumption

; p assumption IR PR R R AR A
4 1 —e 3, 2

5 q le4 P L%

6 p—gq —i3—5 1 s

7 | q assumption

8 ||p assumption

> |l copy 8 - 1

10 | p—q —-i8—9 P

11 p—=q vel,2-6,7—-10



Example pV ——¢,-pA—q = sVt
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P =1
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Example pV ——¢,-pA—q = sVt

pv--q prem. PRALERLLLLE LAY e Rttt

1.
2. —p/A—q prem. 1, -
3. ass. —e
g 1
4. - Nel 2
5. | L —e 3.4 1
j le
0. sVt led ),
1. —q ass.
8. —q Ae2 2 @ assum.
O | /(3 ) 9. 1 e T8
~(4p)= % j X X
A () 10. | sVt le9 o

11.  sV—t Vel 3-6, 7-10 X



Rules for Negation

— Introduction

@ assum.

\ Assumption @ leads to contradiction.

1 Thus, assumption must be false.

=1

VSRR TRTR IR IR R IR R R R KRR R R

= Hint
= |fitis of the form =,
apply =i immediately



Rules for Negation
Derived Rule -

—Introduction Proof by Contradiction
@ assum. —1¢ assum.
1 . 1
=l - PBC
= @




Other Rules
Law-of-the-Excluded-Middle Rule Copy-Rule
LEM 7
OV © copy

/ \

Afterwards, apply V e
Gives you a case split
- Two simpler sub-proofs

Use formulas already proven before.
Be careful with scopes of formulas.



Example: p =- —qg,q9 + —p

2
1. p— g  prem.
2. q prem.
3.
4, AT E R ERE RV ER LY
D.
@ assum.
6. —p
1

=l

P



Example:p —» —=q,qg + —p

1. p— g  prem.
2. q prem.
3. P ass.
4. —( —e 3,1 AT E R ERE RV ER LY
D. L —e 2,4 A~
~7 ' ":@JP’ 6. —p -1 3-9




= Example: —¢Vv-p + =(qgAp)
>

]

peenvpyuuLuEuban 0

@ assum.

1

=l

P



Example: ~¢v-p + =(qgAp)

1. —qV —p  prem.
2. q/A\p ass.
3. —q ass.
4. q Nel 2
D. 1 —-e 3,4
S E TR R R R EERR R
6. —p ass.
7. p Ne2 2 @ assum.
\.\ | //@Jb 8« J_ —e 6?7
AL/~ 9

axd L Ve 1, 3-5, 6-8 = .
10. -(gAp) —i2-9 e



Example: =p = —=qg,g - p

2
L. —-p — g prem.
2. q prem.
3.
4. TR R R R R ERRRY
D.
- assum.
0. .
1

PBC




Example: =p = —=qg,g - p

L. —-p — T prem.
2. q prem.
3. =P ass.
4. —q —e 3,1 AT TR ERR AR EREL
D. 1 —e 2.4
—¢@ assum.
S | /:@J& 6. D PBC 3-5
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Example: - p = (q = p)

St b




= Example: = p = (q — p)

1. P ass.

2. q ass.

3. P copy 1

4. q—p —1 2-3

D. p—q—p —11-4
:\ | /:@JP:



SO un d Ness (“Korrektheit”)

= Definition

¢1' ¢2' L ¢n - II)

7/

Correct syntactic entailment
From ¢ ... $,, we can
prove that ¥ holds

¢1' ¢2' "'l¢n F ¢

\

Correct semantic entailment
Each model that satisfies all premises
¢1 ... P, also satisfies .

Therefore: ¢4 A -+ A ¢,, = P is valid



SO un d Ness (“Korrektheit”)

= Definition

¢1' ¢2' L ¢n - II) = ¢1) ¢2) "'i¢n F ¢

7/ \

Correct syntactic entailment Correct semantic entailment
From ¢4 ... ,, we can Each model that satisfies all premises
prove that ¥ holds ¢1 ... P, also satisfies .

" Meaning Therefore: ¢4 A -+ A ¢,, = P is valid

= Every provable sequent is a correct semantic entailment.
= Semantically incorrect entailments are not provable.

- ¢1; ¢2' ---;¢n B& lp = ¢1' ¢2' ---:¢n |7L lp



Completeness (volstsndigkeit)

= Definition
¢1' ¢2' L ¢n F ¢ = ¢1) ¢2' L ¢n - ¢
7 N\

Each model that satisfies all premises From ¢ ... ¢,, we can
¢1 ... P, also satisfies P prove that i holds
" Meaning

= Every correct semantic entailment has a proof.
* Unprovable sequents are incorrect entailments.

. ¢1' ¢2! ---»¢n s lp = ¢1r ¢2' ---;¢n & lp



Invalid Sequents

" How can we prove that there does not exists a proof for an invalid sequent?
" EgpVgH¥pAg



Invalid Sequents

" How can we prove that there does not exists a proof for an invalid sequent?
" EgpVgH¥pAg

" Consequence of Soundness
= Semantically incorrect entailments are not provable.

- ¢1, ¢2' ) ¢n l;é l/) = ¢11 ¢2! ---;¢n |7L l/)



Invalid Sequents

" How can we prove that there does not exists a proof for an invalid sequent?
" EgpVgH¥pAg

" Consequence of Soundness
= Semantically incorrect entailments are not provable.

- ¢1' ¢2' ) ¢n l;é l/) = ¢1r ¢2! ---;¢n |7L l/)

" We need to find a model M that is a counterexample
" M is a counterexample if...

= M satisfies all premises, and

= M does not satisfy the conclusion



Invalid Sequents

" Find a counterexample toprovepV g ¥ p Aq



Invalid Sequents

" Find a counterexample toprovepV g ¥ p Aq

" Model M: p=T q=F
= M satisfies all premises
s MEpVq

= M does not satisfy the conclusion
s MEPAG

= Therefore, M is a counterexample! M proves pvVqg i+ pAq



Invalid Sequents

" Find a counterexample toprove p —>q,q > 71 ¥ 71



Invalid Sequents

" Find a counterexample toprove p > q,q > 1 ¥ 1

* Model M: p=F q=F r=F
= M satisfies all premises
s MEp-oqandMEq-1r

= M does not satisfy the conclusion
" M ET /

= Therefore, M is a counterexample! M proves p = q,q > 1 ¥ r



: Tips for Deduction

= Work from both sides

" Look at the conclusion
" |fitis of the form @ — Y, apply immediately — i
" |fitis of the form =, apply immediately =i

= |If you get stuck
" Try case splits: LEM
= Try proof by contradiction



After this lecture...
1.

2.
3.
4

Learning Outcomes

students can explain the proof rules of ND for prop. logic.
students can construct ND proofs for valid sequents.

students can construct counterexamples for invalid sequents.
students can explain (a) what it means that ND for prop. logic is
sound and complete and (b) can explain the consequences of it’s
soundness and completeness.



Thank You
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