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Motivation — BDDs

= Efficient Representation of Boolean Formulas
= Small for many practical cases
= Efficient Manipulation
" Boolean Operations



Outline

= What are Binary Decision Diagrams (BDDs)?
" [ntuitive Explanation
" Formal Definition
* From BDDs to Reduced Ordered BDDs (ROBDDs)

= Construct Formula from ROBDD
= Construct ROBDD from Formula

= Pros and Cons of BDDs



Binary Decision Diagram (BDD)




Binary Decision Diagram (BDD)




Binary Decision Diagram (BDD)

Find the formula f that is represented by this BDD:

fi=(@AbAc)V(@AbAN—-cAd)V
(anN-bAd)V(—aAnbAd)V(maAN=bAcAd)




Binary Decision Diagram (BDD)




= BDD with Complimented Edges




2 BDD with Complimented and dangling Edges




n From now on....




Definition of BDDs

= Directed Acyclic Graph

= (Wuodu{l}, E)
" |Internal Nodesv €V
* Function Nodes f; € @
" Terminal Node 1
= FEdgesE
= “Complement” attribute
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Definition of BDDs: Internal Node

= label l(v) € {x4, ..., x,,}
= Variables of f

= Qut-degree: 2
= Then-Edge T
= FElse-EdgeE
= Marked with (empty) circle
= Can have complement attribute 1
(full cycle)

f
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Definition of BDDs: Function Node

" Represents Boolean Formula f;
f

" In-degree: 0 d)
= Qut-degree: 1 \

=  Edge can have complement attribute
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Definition of BDDs: Terminal Node

= (Constant Function True

f
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= Qut-degree: 0
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Outline

= What are Binary Decision Diagrams (BDDs)?
" [ntuitive Explanation
" Formal Definition

* From BDDs to Reduced Ordered BDDs (ROBDDs) (=

= Construct Formula from ROBDD
= Construct ROBDD from Formula

= Pros and Cons of BDDs



= From BDD to Reduced BDD

1. No duplicate sub-BDDs
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From BDD to Reduced BDD

1. No duplicate sub-BDDs Reduced BDD
2. No redundant nodes
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= From BDD to Reduced BDD

1. No duplicate sub-BDDs Reduced BDD
2. No redundant nodes

() )
Redundant “' NOT Redundant “
(5) (b)
NOT Redundant
Redundant (s eciael clzjll;,]e)an
(special case) g



= Ordering on the variables along any path
» EFg,a<b<c<d

From RBDD to Reduced Ordered BDD (ROBDD)

= A ROBDD gives a canonical

representation of a formula
= For given variable ordering
= Meaning:
= |f two formulas are semantically

equivalent, they will be represented
by the exact same ROBDD

= Allows Equivalence Checking
In constant time



Outline

= What are Binary Decision Diagrams (BDDs)?
" [ntuitive Explanation
" Formal Definition

= From BDDs to Reduced Ordered BDDs (ROBDDs) /

= Construct Formula from ROBDD -
= Construct ROBDD from Formula

= Pros and Cons of BDDs



From ROBDD to Formula, Example 1

To obtain a formula in DNF:
* Enumerate all paths with an even number of negations (full cycles)

f:(a/\b/\C)V(_la/\_IC/\_ld)



From ROBDD to Formula, Example 2

| To obtain a formula in DNF:
 Enumerate all paths with an even number of negations (full cycles)

f=&Az)V(mxAY)V (mx A=y A~z)

A



Outline

= What are Binary Decision Diagrams (BDDs)?
" [ntuitive Explanation
" Formal Definition
= From BDDs to Reduced Ordered BDDs (ROBDDs) (

" Construct Formula from ROBDD J
" Construct ROBDD from Formula -

= Pros and Cons of BDDs



From Formula to BDD

1. Compute all Cofactors
2. Draw ROBDD from Cofactors
3. Shift Negations Upwards



From Formula to BDD — Step 1: Cofactors

* Boolean formula f w.r.t. a variable x
" Positive Cofactor f,.: f withx setto T
"= Negative Cofactor f_,: f with x setto L

= Example:
» f=((xAY)V(axAZ)
" =Y

0 f_l — 3 4



Example: From Formula to BDD

f=(@NbV-a)\N—-cANdVc

fa=bA-cAdVec
fap = cANdV e

fabn: =T
fﬂb—-c =d
fab—'cd =T
fab—'c—'d =1
fa—ib = C
fu—lbc =T

fﬂ—'b—-c =1
faa=cNdVe= fu



From Formula to BDD —
Step 3: Shift Negations Upwards




E3 From Formula to BDD —
Step 3: Shift Negations Upwards




K3 From Formula to BDD —
Step 3: Shift Negations Upwards




E3 From Formula to BDD —
Step 3: Shift Negations Upwards




B3 From Formula to BDD —
Step 3: Shift Negations Upwards




f=(@A=c)V(-an(bV(-bArc)))

fa = —c
fac =1
faee =T

f.=bV(=bAc)

f—lab = T
f—la—|b =C= _'fa

Example: From Formula to BDD

Next: Shift negations upwards

Q| —

fﬂ, f_|ﬂ._|
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Example: From Formula to BDD

f

|
|
ON
fo | [ || e (b)) ™ (5]l
<3 <. <

M



=l Example: From Formula to BDD

[Lecture] Construct a ROBDD for the following formula using alphabethic ordering:

f=(aNnb)V-aV(c+d)

foa =0V (c+d)

fab =1
fa,—-b =c+d
fa—ubc =d
fa—-bcd =
fa—-bc—ud =L

fa—ub—uc = d = fa,bc
f—la =T




= Example: From Formula to BDD

[Lecture] Construct a ROBDD for the following formula using alphabethic ordering:

f=Ap)V(ArA=p)V(SAar)V(asAr)V (arAq)

fp=rV(sA-r)V(-sAr)V(-rAg)
foa =TV (SA=T)V (=8 AT)V-r=T
fomg =TV (s A=)V (ms AT)

Jpmgr =T

fp—g—r =8
Jp~q-rs = T
fpﬂqﬂ*r—us — J—

fop =TV (SA—T)V (ms AT)V (-1 Aq)
=-rV(sA-r)V(-sAr)

fﬁpr — T8 = fp—uq—u:r'
f—up—vr — T




Example: From BDD to Formula

[Lecture] Given the Binary Decision Diagram (BDD) below. Construet the formula f in
disjunctive normal form (DNF') that is represented by the BDD.

Solution:

f=lanbrc)Vv(ian-bre)V(ianbr—-ech—e)V(-aAh-chd)V
(maneh—e)V(-ah-eNdAe)




7 Outline

" What are Binary Decision Diagrams (BDDs)?
" |ntuitive Explanation
" Formal Definition
= From BDDs to Reduced Ordered BDDs (ROBDDs) Q/

= Construct Formula from ROBDD
" Construct ROBDD from Formula \/

= Pros and Cons of BDDs  (mmm



+ Size-Efficiency
=  Worst case: exponential

= Often: BDDs contain a lot of redundancy. Eliminating redundancy results
in small BDD

Advantages / Disadvantages of BDDs

+ Efficient Operations
= e.g. AND, OR: Polynomial time
=  Equivalence Check: Constant time
= Satisfiability and Validity Check: Constant Time

— Variable order
= Bigimpact
= Hard to optimize
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