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Formulas in Predicate Logic

= Variables over arbitrary domains
* Functions and predicates

= New operators:
=V ... forall
= J ..exists

Vx3y.P(x, f(y))



Examples of Formulas in Predicate Logic

= Some people in class visited the Grand Canyon
* A= {people} ... Domain of variables
= Predicates:

* [nClass(x) ... Returns true if x is in class
" VisitedGC(X) ... Returns true if x visted the Grand Canyon

*Jx. (InClass (x) AVisitedGC(x))



Examples of Formulas in Predicate Logic
= Not all birds can fly

* 4= {birds}

* Predicates:
" Fly(x) ... Returns true if x can fly

" Vx. (Fly(x))



Examples of Formulas in Predicate Logic

= All integers are either even or odd
= =N
* Predicates:

* Even(x) ... Returns true if x is even
* 0dd(x) ... RReturns true if x is odd

"Vx.(Even(x) @ 0dd(x))



Examples of Formulas in Predicate Logic

1. [Lecture| Model the following declarative sentences with predicate logic, as detailed as possi-

ble. Clearly indicate the intended meaning of all function, predicate, and constant symbols
that you use.

(a) Alice has no sister.

(b) A person who wears a crown is either a king or a queen.
(c) Not everybody likes everybody.

(d) Everybody loves somebody.



= Examples of Formulas in Predicate Logic

1. [Lecture| Model the following declarative sentences with predicate logic, as detailed as possi-
ble. Clearly indicate the intended meaning of all function, predicate, and constant symbols
that you use.

(a) Alice has no sister.

(b) A person who wears a crown is either a king or a queen.
(c) Not everybody likes everybody.

(d) Everybody loves somebody.

(a) = A= {people}
* Predicates:
= Alice(x) ...x is Alice
» Sister(x) ...x has a sister



= Examples of Formulas in Predicate Logic

1. [Lecture| Model the following declarative sentences with predicate logic, as detailed as possi-
ble. Clearly indicate the intended meaning of all function, predicate, and constant symbols
that you use.

(a) Alice has no sister.

(b) A person who wears a crown is either a king or a queen.
(c) Not everybody likes everybody.

(d) Everybody loves somebody.

(a) = A= {people}
* Predicates:
= Alice(x) ...x is Alice
» Sister(x) ...x has a sister

"Vx(Alice(x) » =Sister(x))



= Examples of Formulas in Predicate Logic

1. [Lecture| Model the following declarative sentences with predicate logic, as detailed as possi-
ble. Clearly indicate the intended meaning of all function, predicate, and constant symbols
that you use.

(a) Alice has no sister.

(b) A person who wears a crown is either a king or a queen.
(c) Not everybody likes everybody.

(d) Everybody loves somebody.

= A= {people}

» WearsCrown(x) ...x wears a crown
» King(x) ...x is a king

" Queen(x) ... xis a queen

"Vx(WearsCrown(x) - (King(x) V Queen(x))

(b)



= Examples of Formulas in Predicate Logic

1. [Lecture| Model the following declarative sentences with predicate logic, as detailed as possi-
ble. Clearly indicate the intended meaning of all function, predicate, and constant symbols
that you use.

Alice has no sister.

(b) A person who wears a crown is either a king or a queen.
(c) Not everybody likes everybody.

Everyvbody loves somebody.

(c) = A= {people}
= Likes(x,y) ...x likes y

" o VxVy(Likes(x,y))



= Examples of Formulas in Predicate Logic

1. [Lecture| Model the following declarative sentences with predicate logic, as detailed as possi-
ble. Clearly indicate the intended meaning of all function, predicate, and constant symbols
that you use.

Alice has no sister.

(b) A person who wears a crown is either a king or a queen.
(c) Not everybody likes everybody.

Everyvbody loves somebody.

(d) = A= {people}
= Loves(x,y) ..x lovesy

»vVx3y(Loves(x,y))



= Examples of Formulas in Predicate Logic

2. [Lecture| Consider the following declarative sentences:

o "Fuvery integer is greater or equal to one.”
e "For any two integers, their sum is smaller than their product”

Model this sentence with predicate logic, as detailed as possible. Clearly indicate the in-
tended meaning of all function. predicate. and constant svmbols that vou use.

" A=N
" X >V ..xis greater or euqal to 1 (inprefixed notation Geq(x,y))

(a)
"Vx(x=>1)



= Examples of Formulas in Predicate Logic

2. [Lecture| Consider the following declarative sentences:

e "FEwvery integer is greater or equal to one.”
e "For any two integers, their sum is smaller than their product”

Model this sentence with predicate logic, as detailed as possible. Clearly indicate the in-
tended meaning of all function. predicate. and constant svmbols that vou use.

(b) = A=N
" x +y returns the sum of x and y (Note: function, not a predicate)
" x -y returns the sum of x and y (Note: function, not a predicate)
" x <y returns true if X is smaller than y



= Examples of Formulas in Predicate Logic

2. [Lecture| Consider the following declarative sentences:

o "Fuvery integer is greater or equal to one.”
e "For any two integers, their sum is smaller than their product”

Model this sentence with predicate logic, as detailed as possible. Clearly indicate the in-
tended meaning of all function. predicate. and constant svmbols that vou use.

(b) = A=N
" x +y returns the sum of x and y (Note: function, not a predicate)
" x -y returns the sum of x and y (Note: function, not a predicate)
" x <y returns true if X is smaller than y

VaxvVy((x+y) < (x-y))



= Examples of Formulas in Predicate Logic

3. [Lecture| Consider the following declarative sentence (known as Goldbach’s Conjecture):
"FEvery even integer greater than 2 is equal to the sum of two prime numbers.”

Model this sentence with predicate logic, as detailed as possible. Clearly indicate the in-
tended meaning of all function. predicate. and constant svmbols that vou use.

A=N

FE(x)...x is even
G(z)...x is greater than 2
P(x)...x is prime

Vx (E(x) ANG(x) - 3a,b(P(a) AP(b)A(x =a+ Db)))
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Syntax of Predicate Logic

" Terms
= Refer to Objects of the domain:
= constants represent individual objects, e.g., Alice, Bob, 5, 3...
= variables like x,y represent objects
= functions symbols refer to objects like x - y, f (x) ...
Formula

* Formulas ‘ ) \

= Have a truth value: predicates ( f( ) )

v 3t P(x, [(y
—~ N

Predicate Term Term




n -

Syntax of Predicate Logic - Symbols  p (%, 7))

N
. Var|ab|e5 W Predicate Term Term

= Eg.,Xx,V,2Z ..

" Functions F

= f,9,h,.. (arity>D0)
= constants (arity = 0)

" Predicates P
" P,Q,R, ... (arity > 0)
= Prop. constants (arity = 0)



n i

Syntax of Predicate Logic-Terms  p(x, f(3))

° e . . - WJ
= Recursive Definition Predicate Term Term

= Variable
= Nullary Function (constant)
= Given terms tq, t,, ..., t,,, and n-ary Function f

)
f(tq,t,, ..., t,)isaterm



n e

Syntax of Predicate Logic - Formulas p(x, r(3))

— N

Predicate Term Term
Preconditions: = P(tq,t,, ..., t,)
* Terms tq,to, ..., L, " ¢
* n-ary predicate " PpAY, VY, - Y
symbol P

" Vx ¢
e formulas ¢, ¥
* Variable x "3x¢




Binding Priorities

, d, —

BN

.V

A

Y
N

= Right-associative



Syntax of Predicate Logic

4. [Lecture| The syntax of predicate logic is defined via 2 types of sorts: terms and formulas.
What are terms and what are formulas? Give examples for both.

Formula

P(x, fO))

— N

Predicate Term Term
Terms talk about objects: Formulas have a truth value:
* Constants like Bob or Alice e Eg.,Vx(Vy(x =y + 2))isaformula

e Variables like x, y
e Function symbols like f(x) or x+y



= Syntax Tree

5. [Lecture] Draw a syntax tree for the following formula:

YV ((P(.r y) — P(:;_r:.:r)) Vv (Q(y, z) A dy R(z,y, z)))



Free and Bound Variables

Scope of

Quantifier o

bound free bound

free




= 6.3 Free and Bound Variables

6. [Lecture] Given the formula
P(z,y) VvV 3yVz (Q(z,y) A R(y, 2)),

construct a syntax tree for ¢ and determine the scope of its quantifiers and which occurrences
of the variables are free and which are bound. o

eJo
of
Jree  free v
SCope
of Vr

DO+

(@ (B
OJOJOXO

bound bound bound free
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Model M for Formulas in Predicate Logic

= Domain 4

" Fornullary f € F: concrete element fM €A
" For nullary P € [P: true or false

= For other f € [F: concrete function f": A" - A
= For P € P with arity n > 0: subset PM < A™

= Value for free variables
" Lookup table



7. |Lecture| Give a model M for the following formula:
p = daVyP(x,y).

Models in Predicate Logic



7. |Lecture| Give a model M for the following formula:

= daVyP(x,y).

Models in Predicate Logic




= We want to know if M satisfies @
" ME@®?

Semantics of Predicate Logic

= For ¢ of the form P(tq, t,, ..., t,,)

" |nterpretalltermstq,...,t, viaeM
= QObtain (a4, a,,...,a,) witha; € A
= M E P(ty,ty,..,t,) iff (aq,a,,..,a,) € PM



Semantics of Predicate Logic

" For ¢ of the form Vx ¢ :
* MEVXY iff MEy q t,foralla€ A Lx < a] means that x

is mapped to a

" For ¢ of the form Jx
" ME3Ixy iff M E 4 Y, foratleastonea € A

= For ¢ of the form —, Y1 AP, Wy Vs, Py = U,

" Like in propositional logic



Evaluating a Model
" Given yo e
" ¢ =Vx3Iy.P(x,y)
. ]'w:A={ab} xX=a y\b‘/'\‘
= PM ={(a,b),(b,a)) (0 ) (@ &
x=Db

* ME¢?
- . "b
ONOBENORONBONO




Evaluating a Model

8 |[Lecture| Consider the formula

¢ = aVy (P(z,y) = (Q(z,y) V R(z,y))).

Does the following model M satisfy the formula?
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Evaluating a Model

Lecture| Consider the formula

¢ = aVy (P(z,y) = (Q(z,y) V R(z,y))).

Does the following model M satisfy the formula?

A = {a,b}

PM = {(a,a),(a,b)}
QM = {(a, u) (b,a)}
RM = {(a,a),(b,b)}
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Evaluating a Model

Lecture| Consider the formula

¢ = aVy (P(z,y) = (Q(z,y) V R(z,y))).

Does the following model M satisfy the formula?

A = {a,b}

PM = {(a,a),(a,b)}
QM = {(a, u) (b,a)}
RM = {(a,a),(b,b)}
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Evaluating a Model

Lecture| Consider the formula

¢ = aVy (P(z,y) = (Q(z,y) V R(z,y))).

Does the following model M satisfy the formula?

A = {a,b}

PM = {(a,a),(a,b)}
QM = {(a, u) (b,a)}
RM = {(a,a),(b,b)}




Evaluating a Model

8 |[Lecture| Consider the formula

A = {a,b}

o =3Vy (P(z,y) = (Qz.y) V R(z.y)).  PM={(a,a),(a,b)}
QM = {(a, u], (b,a)}

Does the following model M satisfy the formula? RM {(a,a), (b,b)}
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