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Outline
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▪ Modelling Sentences

▪ Syntax   

▪ Semantics, Models
▪ Models
▪ Satisfiability & Validity



Formulas in Predicate Logic
3

∀𝑥∃𝑦. 𝑃 𝑥 , 𝑓 𝑦

▪ Variables over arbitrary domains

▪ Functions and predicates

▪ New operators: 
▪ ∀ … 𝑓𝑜𝑟𝑎𝑙𝑙
▪ ∃ … 𝑒𝑥𝑖𝑠𝑡𝑠



Examples of Formulas in Predicate Logic
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▪ Some people in class visited the Grand Canyon

▪ A = {people}  … Domain of variables 

▪ Predicates: 
▪ InClass(x) … Returns true if x is in class
▪ VisitedGC(x) … Returns true if x visted the Grand Canyon

▪∃𝒙. (𝑰𝒏𝑪𝒍𝒂𝒔𝒔 𝒙 ∧ 𝑽𝒊𝒔𝒊𝒕𝒆𝒅𝑮𝑪 𝒙 )



Examples of Formulas in Predicate Logic
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▪ Not all birds can fly

▪ A = {birds}

▪ Predicates: 
▪ Fly(x) … Returns true if x can fly

▪¬∀𝒙. (𝑭𝒍𝒚 𝒙 )



Examples of Formulas in Predicate Logic
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▪ All integers are either even or odd

▪ A = ℕ

▪ Predicates: 
▪ Even(x) … Returns true if x is even
▪ Odd(x)  … Returns true if x is odd

▪∀𝒙. (𝑬𝒗𝒆𝒏 𝒙 ⊕ 𝑶𝒅𝒅(𝒙))



Examples of Formulas in Predicate Logic
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Examples of Formulas in Predicate Logic
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▪ A = {people}
▪ Predicates:

▪ 𝐴𝑙𝑖𝑐𝑒 𝑥 … 𝑥 𝑖𝑠 𝐴𝑙𝑖𝑐𝑒
▪ 𝑆𝑖𝑠𝑡𝑒𝑟 𝑥 … 𝑥 ℎ𝑎𝑠 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟

(a)



Examples of Formulas in Predicate Logic
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▪ A = {people}
▪ Predicates:

▪ 𝐴𝑙𝑖𝑐𝑒 𝑥 … 𝑥 𝑖𝑠 𝐴𝑙𝑖𝑐𝑒
▪ 𝑆𝑖𝑠𝑡𝑒𝑟 𝑥 … 𝑥 ℎ𝑎𝑠 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟

▪∀𝒙(𝑨𝒍𝒊𝒄𝒆 𝒙 → ¬𝑺𝒊𝒔𝒕𝒆𝒓 𝒙 )

(a)



Examples of Formulas in Predicate Logic
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▪ A = {people}
▪ 𝑊𝑒𝑎𝑟𝑠𝐶𝑟𝑜𝑤𝑛 𝑥 … 𝑥 𝑤𝑒𝑎𝑟𝑠 𝑎 𝑐𝑟𝑜𝑤𝑛
▪ 𝐾𝑖𝑛𝑔 𝑥 … 𝑥 𝑖𝑠 𝑎 𝑘𝑖𝑛𝑔
▪ Queen(x) … x is a queen

▪∀𝒙(𝑾𝒆𝒂𝒓𝒔𝑪𝒓𝒐𝒘𝒏 𝒙 → (𝑲𝒊𝒏𝒈 𝒙 ∨ 𝑸𝒖𝒆𝒆𝒏 𝒙 )

(b)



Examples of Formulas in Predicate Logic
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▪ A = {people}
▪ 𝐿𝑖𝑘𝑒𝑠 𝑥, 𝑦 … 𝑥 𝑙𝑖𝑘𝑒𝑠 𝑦

▪¬∀𝒙∀𝒚(𝑳𝒊𝒌𝒆𝒔(𝒙, 𝒚))

(c)



Examples of Formulas in Predicate Logic
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▪ A = {people}
▪ 𝐿𝑜𝑣𝑒𝑠 𝑥, 𝑦 … 𝑥 𝑙𝑜𝑣𝑒𝑠 𝑦

▪∀𝒙∃𝒚(𝑳𝒐𝒗𝒆𝒔(𝒙, 𝒚))

(d)



Examples of Formulas in Predicate Logic
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▪ A = ℕ
▪ x ≥ y … 𝑥 𝑖𝑠 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑜𝑟 𝑒𝑢𝑞𝑎𝑙 𝑡𝑜 1 (in prefixed notation Geq(x,y))

▪ ∀𝒙(𝒙 ≥ 𝟏)
(a)



Examples of Formulas in Predicate Logic
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▪ A = ℕ
▪ x + y returns the sum of x and y (Note: function, not a predicate)
▪ x ⋅ y returns the sum of x and y (Note: function, not a predicate)  
▪ x < y    returns true if x is smaller than y

(b)



Examples of Formulas in Predicate Logic
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▪ A = ℕ
▪ x + y returns the sum of x and y (Note: function, not a predicate)
▪ x ⋅ y returns the sum of x and y (Note: function, not a predicate)  
▪ x < y    returns true if x is smaller than y

▪ ∀𝒙∀𝒚( 𝒙 + 𝒚 < (𝒙 ⋅ 𝒚))

(b)



Examples of Formulas in Predicate Logic
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3

∀𝑥 (𝐸 𝑥 ∧ 𝐺 𝑥 → ∃𝑎, 𝑏(𝑃 𝑎 ∧ 𝑃 𝑏 ∧ (𝑥 = 𝑎 + 𝑏)))



Outline
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▪ Modelling Sentences

▪ Syntax   

▪ Semantics, Models
▪ Models
▪ Satisfiability & Validity



Syntax of Predicate Logic
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▪ Terms
▪ Refer to Objects of the domain: 

▪ constants represent individual objects, e.g., Alice, Bob, 5, 3…
▪ variables like 𝑥, 𝑦 represent objects
▪ functions symbols refer to objects like 𝑥 ⋅ 𝑦, 𝑓(𝑥) …

▪ Formulas
▪ Have a truth value: predicates
▪ E.g., 𝑥 ⋅ 𝑦 == 1



Syntax of Predicate Logic - Symbols
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▪ Variables 𝕍
▪ E.g., 𝑥, 𝑦, 𝑧, …

▪ Functions 𝔽
▪ 𝑓, 𝑔, ℎ, … (arity > 0)
▪ constants  (arity = 0)

▪ Predicates ℙ
▪ 𝑃, 𝑄, 𝑅, … (arity > 0)
▪ Prop. constants  (arity = 0)



Syntax of Predicate Logic - Terms 
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▪ Recursive Definition

▪ Variable

▪ Nullary Function (constant)

▪ Given terms 𝒕𝟏, 𝒕𝟐, … , 𝒕𝒏, and 𝑛-ary Function 𝒇
⇕

𝒇(𝒕𝟏, 𝒕𝟐, … , 𝒕𝒏) is a term



Syntax of Predicate Logic - Formulas
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Preconditions:

• Terms 𝒕𝟏, 𝒕𝟐, … , 𝒕𝒏

• 𝑛-ary predicate
symbol 𝑷

• formulas 𝝓, 𝝍

• Variable 𝒙

▪ 𝑷(𝒕𝟏, 𝒕𝟐, … , 𝒕𝒏)

▪ ¬𝝓

▪ 𝝓 ∧ 𝝍, 𝝓 ∨ 𝝍, 𝝓 → 𝝍

▪ ∀𝒙 𝝓

▪ ∃𝒙 𝝓



Binding Priorities
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1. ∀, ∃, ¬
2. ∧
3. ∨
4. →

▪ Right-associative



Syntax of Predicate Logic
23

Terms talk about objects:

• Constants like Bob or Alice
• Variables like x, y
• Function symbols like f(x) or x+y

Formulas have a truth value:

• E.g., ∀𝑥(∀𝑦(𝑥 = 𝑦 + 2)) is a formula

4



Syntax Tree
24
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Free and Bound Variables 
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6.3 Free and Bound Variables 
26
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Outline
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▪ Modelling Sentences

▪ Syntax   

▪ Semantics, Models
▪ Models
▪ Satisfiability & Validity



Model 𝑀 for Formulas in Predicate Logic
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▪ Domain 𝐴
▪ For nullary 𝑓 ∈ 𝔽: concrete element 𝑓𝑀 ∈ 𝐴
▪ For nullary 𝑃 ∈ ℙ: true or false

▪ For other 𝑓 ∈ 𝔽: concrete function 𝑓𝑀: 𝐴𝑛 → 𝐴

▪ For 𝑃 ∈ ℙ with arity 𝑛 > 0: subset 𝑃𝑀 ⊆ 𝐴𝑛

▪ Value for free variables 
▪ Lookup table



Models in Predicate Logic 
29
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Models in Predicate Logic 
30
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Semantics of Predicate Logic 
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▪ We want to know if 𝑀 satisfies 𝜑
▪ 𝑀 ⊨ 𝜙 ?

▪ For 𝜙 of the form 𝑃 𝑡1, 𝑡2, … , 𝑡𝑛

▪ Interpret all terms 𝑡1, … , 𝑡𝑛 via 𝑀
▪ Obtain 𝑎1, 𝑎2, … , 𝑎𝑛 with 𝑎𝑖 ∈ 𝐴
▪ 𝑀 ⊨ 𝑃 𝑡1, 𝑡2, … , 𝑡𝑛 iff    𝑎1, 𝑎2, … , 𝑎𝑛 ∈ 𝑃𝑀



Semantics of Predicate Logic 
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▪ For 𝜙 of the form ∀𝑥 𝜓
▪ 𝑀 ⊨ ∀𝑥 𝜓 iff 𝑀 ⊨[𝑥←𝑎] 𝜓, for all 𝑎 ∈ 𝐴

▪ For 𝜙 of the form ∃𝑥 𝜓
▪ 𝑀 ⊨ ∃𝑥 𝜓 iff 𝑀 ⊨[𝑥←𝑎] 𝜓, for at least one 𝑎 ∈ 𝐴

▪ For 𝜙 of the form ¬𝜓, 𝜓1 ∧ 𝜓2, 𝜓1 ∨ 𝜓2, 𝜓1 → 𝜓2
▪ Like in propositional logic

𝑥 ← 𝑎 means that 𝑥
is mapped to 𝑎



Evaluating a Model
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▪ Given
▪ 𝜙 = ∀𝑥∃𝑦. 𝑃 𝑥, 𝑦
▪ 𝑀:

▪ 𝐴 = 𝑎, 𝑏
▪ 𝑃𝑀 = {(𝑎, 𝑏), (𝑏, 𝑎)}

▪ 𝑀 ⊨ 𝜙 ?
∀𝑥

∃𝑦

𝑃

𝑥 𝑦

𝑃

𝑏 𝑎

∃𝑦

𝑃

𝑏 𝑦

∃𝑦

𝑃

𝑎 𝑦

𝑃

𝑎 𝑎

𝑃

𝑎 𝑏
𝒙 = 𝒂

𝒙 = 𝒃

𝒚 = 𝒂

𝒚 = 𝒃

𝒚 = 𝒂



Evaluating a Model
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𝒙 = 𝒃
𝒚 = 𝒂

F T
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Evaluating a Model
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𝒙 = 𝒃
𝒚 = 𝒂

𝒚 = 𝒃

T

F

T
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Evaluating a Model
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𝒙 = 𝒃
𝒚 = 𝒂

𝒚 = 𝒃

T T

F

T
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Evaluating a Model
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𝒙 = 𝒃
𝒚 = 𝒂

𝒚 = 𝒃

TT T

F

T
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Evaluating a Model
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𝒙 = 𝒃
𝒚 = 𝒂

𝒚 = 𝒃

TT T

F

T

𝑀 ⊨ 𝜙!
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Thank You

39
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